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Abstract—The success and usefulness of lumped cardiovas-
cular models are directly dependent on the physiological
fidelity of their formulation. In most existing lumped
formulations for the heart, the compliance of the chamber
is modeled based on its electrical analog, the capacitor. This
has traditionally resulted in the use of a pre-described time-
varying stiffness modulus for simulating the cardiac contrac-
tions. Unfortunately, such a time-varying stiffness does not
include any physiological contractile machinery and thus no
dependency on fiber sarcomere length and intracellular
calcium concentrations, key mechanisms responsible for
proper cardiac function. In this paper a lumped cardiovas-
cular model is presented that is based on the incorporation of
detailed myofilament activation for simulating the ventricu-
lar calcium binding and crossbridging mechanism. Upon
validation against experimental data, it is shown that the new
myofilament activation-based model considerably increases
the physiological validity and internal consistency of the
cardiovascular simulations in comparison to the traditional
variable compliance-based models. It is also shown, through
specific case studies, that the present model can serve as a
quick response tool for testing various hypotheses concerning
the impact of the calcium binding and crossbridge kinetics on
the overall performance of the cardiovascular system.

Keywords—Lumped parameter model, Actin–myosin, Cal-

cium binding, Myofilament activation, Heart, Cardiovascu-

lar system.

INTRODUCTION

A proper computational hemodynamic assessment
of either the heart or the circulatory system requires
information on both systems. In general, the circula-
tory system constitutes as an afterload for the heart
while the heart acts as a preload for the vessel.37 If this
functional coupling is properly reflected by the math-

ematical formulations for each system then it allows
independent changes in the state variables of both
models. Thus, a functional physiological prediction of
one model facilitates a physiologically valid prediction
of the other. The heart is usually modeled using a
time-variant elastance concept expressed as a pressure–
volume relationship. The vascular system has been
typically represented by various types of the so-called
Windkessel lumped parameter models.

Although finite element or finite volume continuum
models can undoubtedly provide more detailed infor-
mation with regard to the spatial variations of pres-
sure, velocity, stress and strain within the different
cardiovascular domains, they inevitably carry a large
computational burden and from a practical point of
view are only suited for single organ modeling and
analysis. Lumped parameter models, however, can
provide an integrated analysis of the entire cardio-
vascular system with considerable computational
efficiency.

A major difficulty in using a lumped system model as
an effective clinical or research tool is the need to extract
numerous model parameters from measurements of
arterial blood flow and pressure.19 This problem is often
cited as the most important impediment to broader use
and application of the lumped model approach.10,15

Despite of this difficulty, lumped parameter models
have been applied to improve our understanding of the
cardiovascular system response to internal or external
perturbations brought about by disease or disorder with
a considerable degree of success.

In the 1990s Thomas developed a model of the
entire cardiovascular system, consisting of eight com-
partments, leading to 24 coupled first-order differential
equations.31 It was used to discern determinants of
pulmonary vein flow, mitral regurgitation, prolonga-
tion of the mitral deceleration time, mitral stenosis and
the impact of disease on transmitral flow.4,5,13,32,33

Recently, it was used to simulate the sensitivity of left
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ventricle (LV) contractility to the acceleration of the
aortic flow.1 It also demonstrated that single-beat
estimates of contractility are sensitive to preload,
ventricular size, and presence of mitral regurgitation,23

and that prolonged treatment with sodium nitroprus-
side in patients with aortic stenosis results in a change
of systolic properties of the left ventricle.22

There has been a considerable amount of activity in
the area of lumped model. The list of researchers
applying lumped models is simply never ending.
Models that have been applied to study cardiovascular
responses to tilt, lower body negative pressures, and
orthostatic stress have become increasingly complex,
including a 14-compartment cardiovascular system by
Heldt and a 28-compartment model by Peterson and
Croston.8–10,21 Wijkstra and Boom analyzed ventricu-
lar deactivation during constant ejection in 1989.35 In
1993 Ye et al. added vessel taper into a vascular
lumped model,36 and Soans et al. simulated variable
area diastolic filling in 2002.30. Ventricular wall stress
normalization by Segers et al.28 and the impact of
variable gravity by Schroeder et al.27, White34 and
Heldt et al.8 are examples of investigations into cardiac
behavior under altered physiological conditions. The
chick vascular system was even modeled by Yoshigi
et al.37 Finally, the lumped models have been extended
and used to study the cerebral blood flow regulation20

as well as the interaction with the pulmonary and
baroreflex systems.14

The success and usefulness of these lumped
cardiovascular models is directly dependent on
the physiological fidelity of its formulation. Tradition-
ally, lumped models have been developed based
on either abstract electrical circuit analogs or
purely fluid mechanics-based mathematical deriva-
tions.8–10,14,19,21,32 Unfortunately, both of these
approaches may depart significantly from the underly-
ing physical and physiological realities of the cardio-
vascular system and whenever this occurs problems
arise. In this paper, we will address a rather significant
limitation in simulating contractile ventricular function
through the use of the empirically based time-varying
modulus of elasticity. This approach specifies a priori a
specific structural behavior and lacks any physiologi-
cally validmyofilament activation kinetics, that depends
on fiber sarcomere length and intracellular calcium
concentration, key pathways responsible for realistic
cardiac function. To alleviate this shortcoming we will
incorporate a comprehensive myofilament activation
model into the lumped cardiovascular model presented
here. The resulting cardiovascular model is verified and
validated against benchmark experimental and clinical
in vivo data. We will also show, through specific case
studies, that incorporation of the calcium binding and
crossbridging mechanisms into the present lumped

cardiovascular model not only enhances its physiologi-
cal fidelity in comparison to existing lumped cardio-
vascular models in the literature, but also produces a
quick response numericalmodeling tool that can be used
to examine and test various hypotheses.

MATHEMATICAL FORMULATION

The lumped cardiovascular model is based on a ‘‘0’’-
order mathematical representation of four cardiac
chambers and four vascular chambers as shown in
Fig. 1. The compartments consist of the following:
pulmonary veins (PV), left atrium (LA), left ventricle
(LV), systemic arteries (SA), systemic veins (SV), right
atrium (RA), right ventricle (RV) and pulmonary
arteries (PA). These compartments are inter-connected
through the following flow nodes: left atrial inlet
(LAI), mitral valve (MV), aortic valve (and main sys-
temic artery) (AV), systemic capillaries (SC), right
atrial inlet (RAI), tricuspid valve (TV), pulmonic valve
(and main pulmonary artery) (PV) and pulmonary
capillaries (PC). As a result each chamber, represented
by a pressure and a volume, is flanked by two flow
nodes on either side.

Lumped Fluid Mechanics

The vascular model is adopted from Thomas et al.32

Briefly, a first-order differential equation at each flow

FIGURE 1. The lumped model shown above illustrates the
closed loop cardiocirculatory system (white: Lumped chamber,
Gray: Lumped flow node).
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node describes the relationship between the inter-
chamber flow rates and pressure difference. Certain
flow nodes will only allow forward flow (heart valves),
while others enable flow in both directions (vessels).

The change in flow rate at a given node, represented
by Qi, can be computed from the following expression:

dQi

dt
¼ Pupstream � Pdownstream � R1ðQÞ � R2ðQÞ

m
ð1Þ

where R1(Q) and R2(Q) are the linear and quadratic
resistance terms, respectively, and m is the flow inertia
(Tables 1 and 2).

The resistance term R1(Q) represents the contribu-
tions to the overall pressure drop by the viscous fric-
tion of a laminar flow typically found in vessels, and is
simply given as a linear function of flow rate:

R1ðQÞ ¼ R1 �Q ð2Þ

While the resistance term R2(Q) represents the pressure
drop caused by flow obstructions such as the valves,
for example, and are given as a fraction of the dynamic
pressure:

R2ðQÞ ¼ R2 �
1

2
q

Q

A

� �2

ð3Þ

where A is the effective cross-sectional area of the flow,
and q the fluid density, set to 1.05 g/cm3. Note that R1

has the units of kg/m4s, while R2 is dimensionless.
These equations allow for both forward and reverse

flows, thus reducing the number and complexity of the
ODE’s describing the circulation. The potential for
reverse flows at heart valves is minimized by assigning
a rather large resistance value R. As a result, in our

simulations the maximum reverse valvular flow
observed was about 0.1 ml/s, compared to the maxi-
mum forward valvular flow of about 500 ml/s.

Lumped Solid Mechanics

Each chamber is described by a volume, which
depends on the flow rates of the adjacent flow nodes
using a simple ordinary differential equation:

dVi

dt
¼ Qupstream �Qdownstream ð4Þ

To provide a well-defined system of equations,
chamber pressures and volumes must be mathemati-
cally linked. Different approaches are taken for the
vascular chambers, atria and ventricles as described
next.

Vascular Chambers

The pressure and volume of the vascular chambers
are related through a single compliance value, such
that:

PðVÞ ¼ V� V0

C
ð5Þ

where C is the chamber compliance and V0 is the
chamber resting volume at zero pressure (Table 3).

Heart Atria

The pressure–volume relationships of the atria are
represented by the following nonlinear expressions:

PðVÞ ¼ PpðVÞ þ PaðVÞ ð6Þ

where Pp(V) and Pa(V) respectively represent the pas-
sive and active contribution of muscle stiffness to
pressure. Note that during contraction, the passive
tissue stiffness never physically disappears. Any
inherent elastic stiffness of the heart is present during
both diastolic and systolic analysis, therefore the pas-
sive term is always present in contrast to earlier
works.4–6,8–10,13,21,32,33

The passive nonlinear elastic contribution to the
chamber pressure is modeled using an approach simi-
lar to Thomas et al.32:

TABLE 1. Summary of cardiac flow lumped parameters.

Mitral

valve

Aortic valve

(and arteries)

Tricuspid

valve

Pulmonic valve

(and arteries)

m (mmHg s2/cm3) 1.25 17 1.25 5

A (cm2) 4 4 4 4

R1 (mmHg s/cm3

(forward))

0 15 0 30

R1 (mmHg s/cm3

(reverse))

106 106 106 106

R2 ([]) 1.0 0 1.0 0

TABLE 2. Summary of vascular flow lumped parameters.

Left atrial

inlet

Systemic

capillaries

Right atrial

inlet

Pulmonary

capillaries

m (mmHg s2/cm3) 3 10 3 5

R1 (mmHg s/cm3) 140 1200 120 200

R2 ([]) 0 0 0 0

TABLE 3. Summary of vascular compartment lumped
parameters.

Systemic

arteries

Systemic

veins

Pulmonary

arteries

Pulmonary

veins

C (cm3/mmHg) 1.2 35 3.5 15

V0 (cm3/mmHg 300 3200 120 300
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PpðVÞ ¼ P0þe
V�V0
V
kþ þ Pbþ when V � V0

¼ Pb� � P0�e
V0�V
Vk� when V � V0

ð7Þ

Here P0þ ;P0� ;Pbþ ;Pb� ;Vk� ;Vkþ describe the nonlinear
relationship between pressure and volume. The P-
parameters are computed based on the value, Pd0, and
slope, Ed0, at the volume V0, rendering a system of four
equations with four unknowns. The value of Vk� is
computed based on the minimum pressure and vol-
ume, while Vkþ is prescribed directly (Table 4).

Atrial contraction is modeled as a raised cosine32:

PaðVÞ ¼
1

2
1� cos

2pt
tact

� �� �
� Esystole � ðV� Vs0Þ ð8Þ

where tact, Esystole and Vs0 are the model parameters.

Heart Ventricles

Similarly to the atria, the pressure–volume rela-
tionships of the ventricles are represented by the non-
linear expressions of Eqs. (6) and (7) with the
ventricular parameters summarized in Table 4. While
in the past, a single algebraic equation was used to
model systolic pressure through a time-varying ela-
stance, the active contribution to ventricular pressure
in this model is computed through a lumped actin–
myosin crossbridging and calcium binding model
based on the earlier work of Rice et al.25 using the
following expressions:

A calcium transient model: Since cardiac electro-
physiology is out of the scope of the present work,
calcium transience will be considered as an input to the
lumped ventricular model. The calcium transient input
is based on the Luo–Rudy (LRd) model for a single
cardiac cell.3,26,29 Using a nonlinear curve fit, an ana-
lytical representation is developed for the calcium
transient as represented by the temporal behavior of
Cai, shown in Fig. 2. The input parameters considered

include: the heart rate hr, the rate of calcium release
sact, the maximum calcium level Camax, the duration of
calcium release Cadur, the rate of calcium uptake sdeact,
and the minimum calcium level Camin (Table 5). It was
found that a piecewise function of 2 sigmoids, 1
parabola and 1 linear curve provided the desired
accuracy (r = 0.995, S.E. = 0.08%). The resulting
equations describing the parameterized calcium profile
are:

t0 ¼ moduloðt; 60=hrÞ
t1 ¼ t0 þ 7:0sact
t2 ¼ t0 þ Cadur � 1:35sact
t3 ¼ 2Cadur

Cai ¼ Camin þ Camax�Camin

1þexpð�t�t0
sact
Þ ðt0<t<t1Þ

Cai ¼ Camax � A � ðt� t1ÞB ðt1<t<t2Þ
Cai ¼ 0:985Camax � Camax�Camin

1þexpð�t�t0�Cadur
sdeact

Þ
ðt2<t<t3Þ

Cai ¼ Camin ðt3<tÞ
ð9Þ

where A and B are computed to provide a zero- and
first-order continuous function at time t2.

A calcium binding model: The calcium binding
model is described by the sketch in Fig. 3 and consists
of two states in which troponin is either bound or not
bound to calcium,24,25 depending on the free calcium
concentration as described by the calcium transient in
Eq. (9). The calcium binding model can be reduced to a

TABLE 4. Summary of cardiac compartment lumped
parameters.

Left

ventricle

Right

ventricle

Left

atrium

Right

atrium

V0 (cm3) 35 35 30 30

Pd0 (mmHg) 0 0 0 0

Vmin (cm3) 10 10 10 10

Pmin (mmHg) )5 )5 )5 )5

Vk+ (cm3) 60 65 60 60

Ed0 (mmHg/cm3) 0.09 0.06 0.07 0.07

Camax (lM) 0.7 0.5 N/A N/A

t (s) 0.10 0.10 N/A N/A

Psystole (mmHg) 410 300 N/A N/A

Es (mmHg/cm3) N/A N/A 0.19 0.19

Vs0 (cm3) N/A N/A 20 20

tact (s) N/A N/A 0.14 0.14 1.8 2 2.2 2.4 2.6 2.8 3 3.2
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

time (s)

ca
lc

iu
m

 (
u

M
)

LV Calcium Profile
RV Calcium Profile

FIGURE 2. Calcium transient profile applied as input to the
myofilament activation model.

TABLE 5. Summary of calcium transient parameters.

Camax

(lM)

Camin

(lM)

sact
(ms)

sdeact
(ms)

Cadur

(ms)

Left ventricle 0.7 0.1 10 40 290

Right ventricle 0.5 0.1 10 40 290
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single first order ordinary differential equation,
describing the binding of calcium to troponin:

dTCa

dt
¼ konCaið1� TCaÞ � koffTCa ð10Þ

where kon and koff are model parameters.
An actin–myosin crossbridging model: The cross-

bridge kinetics model consists of six states (2 nonper-
missive states with 0 or 1 attached crossbridge: N0, N1

and 4 permissive states with 0–3 attached crossbridges:
P0, P1, P2 and P3), depending on both the troponin–
calcium complex, TCa, and the sarcomere length, SL,
as shown in Fig. 3 and described in detail by Rice
et al.25 The crossbridge kinetics model is based on six
coupled first-order ordinary differential equations:

dN0

dt
¼ g10N1 þ k�1P0 � k1N0

dN1

dt
¼ k�1P1 � ðk1 þ g10ÞN1

dP0

dt
¼ k1N0 þ g10P1 � ðf01 þ k�1ÞP0

dP1

dt
¼ k1N1 þ f01P0 þ g21P2 � ðf12 þ g10 þ k�1ÞP1

dP2

dt
¼ f12P1 þ g32P3 � ðf23 þ g21ÞP0

dP3

dt
¼ f23P2 � g32P3 ð11Þ

The rate constants fij, gji, and ki in the crossbridge
dynamics model are computed based on the sarcomere
length, the amount of troponin-bound calcium and
several constants as shown in Table 6.

A force-generating model: Once the individual states
of the myofilament activation model are computed, the
normalized force generated by the sarcomeres can be
determined by adding the strongly bound crossbridge
states taking into account the number of interactions
with each functional state25:

Fnorm ¼ a
P1 þN1 þ 2P2 þ 3P3

Fmax
ð12Þ

Here a is a parameter between 0 and 1 that takes into
account the amount of overlap between thick and thin
filaments based on the sarcomere length (see Fig.4).
This parameter can be computed as follows:

FIGURE 3. The myofilament activation model includes a calcium binding and crossbridge model as developed by Rice et al.25

T-TCa: unbound and bound troponin. N-P: nonpermissive and permissive crossbridge states. 0–3: number of attached cross-
bridges.

TABLE 6. Summary of myofilament activation parameters.

SLref 1.85

SL SLref � ð V
V0
Þ

1
7:7

SLnorm
SL�1:65
2:35�1:65

kon 36ÆCai

koff 18

K1/2 1þ kon=koff

0:5þð1:0�SLnormÞ1:6

� ��1

k)1 42

k+1 31:5 � TCa
K1=2

� �5þ3:0�SLnorm

f 9

f01 3f

f12 14f

f23 10f

g k�1 1þ 4:0 � 1:0� SLnormð Þ4:0
� �

g10 g

g21 2g

g32 3g
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a ¼ 1:0� ð2:2� SLÞ2:2 when SL � 2:2

a ¼ 1:0 when SL � 2:2

The original description of a as published25 has a dis-
continuity in the derivative of the force. Here, this
discontinuity is removed while closely representing the
original functional relationship (r = 0.993).

The normalization factor Fmax from Eq. (12) is25:

Fmax ¼ P1;max þ 2P2;max þ 3P3;max

P1;max ¼
f01g21g32P

P2;max ¼
f01f12g32P

P3;max ¼
f01f12f23P

X
¼ f01g21g32 þ f01f12g32 þ f01f12f23 þ g10g21g32

ð14Þ

5. A pressure–force coupling model: The following
equation links the fiber forces to the active ventricular
pressure contribution:

PsðvÞ ¼ Fnorm � Psystole �
V

V0

� �1
2

ð15Þ

where Psystole is the absolute maximum developed
pressure (Fnorm = 1), and V0 is the volume at zero
pressure.

Boundary Conditions

No boundary conditions are needed to solve this
system since the lumped computational domain renders

a spatially closed loop system that evolves in time
(Fig.1). The system of ODEs that form the basis of our
cardiovascular model is given by the following recur-
sive expression:

dVi

dt
¼ Qupstream �Qdownstream

dQi

dt
¼ Pupstream � Pdownstream � R1ðQiÞ � R2ðQiÞ

m

Pi ¼ PpassiveðViÞ þ PactiveðVi;CaÞ

ð16Þ

This system of equations were solved using the stiff
ODE solver ‘‘ode23tb’’ in Matlab 6 (Mathworks Inc.,
Natick, MA). The data was sampled every 2.5 ms.

Initial Conditions

In the cases presented here, the lumped model is first
started in an unphysiological state of zero flow. The
pressures are chosen such that the initial volume stored
in the entire system is approximately 5000 ml, roughly
equal to the total human blood volume. The selected
initial pressure values were as follows: left atrium
(5 mmHg), left ventricle (0 mmHg), systemic arteries
(100 mmHg), systemic veins (15 mmHg), right atrium
(5 mmHg), right ventricle (0 mmHg), pulmonary
arteries (20 mmHg) and pulmonary veins (10 mmHg).
In addition, the initial fibers states were set to zero,
except N0 that was set to 1. In this fashion the
requirement that the sum of all the states needs to
equal 1 at all times is satisfied. Starting with this set of
initial conditions the system was subsequently marched
through 20 or more cardiac cycles to bring the simu-
lation to a physiologically acceptable state of opera-
tion, thus removing the direct impact of the original,
arbitrarily selected initial conditions.

NUMERICAL EXPERIMENTS

The degree of success of any lumped model in pre-
dicting a physiologically realistic behavior for the
cardiovascular system is largely dependent on the
proper identification of the numerous model parame-
ters that must be specified. In this work we have
extracted initial guesses of the pertinent model
parameters from previous publications.25,32 The opti-
mal parameter values were estimated through system-
atic sensitivity analysis during three numerical
experiments: (1) simulating the force–calcium relations
of the fibers at various stretches, (2) simulating preload
and afterload through aortic occlusion and bleeding at
two levels of contractility, and (3) benchmarking the
results against experimental clinical data obtained at
the Cleveland Clinic Foundation. After presenting our
model validation and verification results, we will
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FIGURE 4. Overlap ratio a as a function of sarcomere length
required in Eq. (13).
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discuss some details of the simulated behavior of the
most pertinent cardiovascular variables under baseline
conditions.

The cardiac and vascular flow parameters are sum-
marized in Tables 1 and 2, respectively. The cardiac
and vascular compartments parameters are summa-
rized in Tables 3 and 4, respectively. The default
parameter values for the calcium transients of the left
and right ventricles in large mammals can be found in
Table 5. The parameters describing the dynamic
behavior of a contracting heart through the myofila-
ment activation of the ventricles are given in Table 6.

Numerical Experiment 1: Force–Calcium Relationships
for the Contractile Fibers

The force–calcium relationships at various sarco-
mere lengths computed by the myofilament activation
model is graphically represented in Fig. 5. Here the
steady state normalized fiber force (Eq. 12) is plotted
against intracellular calcium concentration over the
entire range of physiological sarcomere lengths. As
shown, the force increases quickly from its minimum
to its maximum value when intracellular calcium con-
centrations increase from 0.2 to 0.9 lM. Additionally,
as expected, shorter sarcomeres develop less force
when activated due to the reduced overlap ratio a and
force generating rate k+1, and the increased force de-
activation rate g. The modeled behavior is in agree-
ment with previous work.12,25

Numerical Experiment 2: Ventricular Preload
and Afterload Variations

The response of the ventricular model to changes in
afterload (A) and preload (B) is shown in Fig. 6. Here
afterload is altered by the occlusion of the systemic
artery, while preload variations are obtained through
bleeding in the systemic veins. Contractility is computed
as the maximum pressure/volume ratio and reported in
Fig. 6. Increasing the occlusion shifts the pressure–
volume loop to the right, rendering an increase in the
volume and pressure. Similarly, increasing bleeding
shifts the pressure–volume loop to the left, reducing the
ventricular volume and pressure. The downward bend
of these relationships at lower volumes is consistent with
previously observed clinical behavior.2,11 The experi-
ment is also repeated for a 10% increase in calcium
concentration to demonstrate the increase in contrac-
tility, observed by the shift of the curve to the left and
up. Additionally, as reported earlier, the curvature
increases as contractility increases.2,11

Numerical Experiment 3: Validation Against In Vivo
Clinical Data

The validation tests were based on available exper-
imental/clinical cardiovascular data gathered from a
total of 12 normal volunteers at the Cleveland Clinic
Foundation as published by Notomi et al.17 The pro-
tocol was approved by the institutional review board
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FIGURE 5. Updated steady state force–length relationship of the cardiac contractile mechanism as a function of intracellular free
calcium and sarcomere length computed in accordance with Eqs. (10–14).
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and written, informed consent was obtained before the
study from all patients. The average age and weight of
the group was 36 ± 8 years and 72 ± 10 kg, respec-
tively. Non-invasive 2-D and Doppler echocardiogra-
phy examinations were performed using Vivid 7
ultrasound machine (GEMedical Systems, Milwaukee,
WI). Echocardiographic images were analyzed for
standard indices of systolic and diastolic function.
Additional details about experimental protocols and/
or data analysis can be found in the works of Notomi
et al.17

Non-invasive and direct measurement of ventricular
pressure is not possible, therefore a total of six 25–
30 kg mongrel dogs were used to obtain mean values
of invasive pressure measurements to supplement non-
invasive data obtained in the human experimental
model. Detailed information about the treatment of

the animals and experimental protocols can be found
in the work of Notomi et al.16 The study was approved
by the Institutional Animal Research committee and is
in compliance with the ‘‘Guide for the Care and Use of
Laboratory Animals published by the National Insti-
tutes of Health.’’ It is well known that systolic blood
pressure is fairly constant across species, therefore the
pressures were normalized based on the systolic sys-
temic blood pressure. This resulted in a scaling factor
of 0.966 for the invasive dog data.

The numerical predictions for all 19 indices of a
normal human subject are included in Table 7 and
compared to the experimental/clinical values. The
histogram in Fig. 7 summarizes the results of the
benchmarking. Here and in Table 7, errors are pre-
sented as a percentage of the standard deviation in the
experimental data for a given cardiovascular index.

FIGURE 6. Variations in afterload (a) and preload (b) are modeled at different levels of contractility through arterial occlusion and
bleeding.
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Therefore, in the histogram of Fig. 7, a 100% error in
an index indicates that the model prediction for that
index is off by 1 standard deviation. Therefore, the
histogram shows that 18 out of the 19 predicted
physiological indices are within 1 standard deviation
and 13 out of 19 indices are within 1/4 standard
deviation from the mean experimental values. The

mean error is 0.242 standard deviations, while the
median is 0.110. Finally, the maximum and minimum
errors are 1.282 and 0.001 standard deviations for
indices 4 and 14, respectively.

The simulated cardiovascular response of a normal
subject as captured by the behavior of key model
output variables (such as the pressures, volumes and

TABLE 7. Summary of lumped model validation data: minimum (1) and maximum (2) systemic pressure, minimum (3) and
maximum (4) LV pressure, minimum (5) and maximum (6) time derivative of LV pressure, peak left atrial pressure (7), end-diastolic
(8) and end-systolic (9) LV volume, stroke volume (10), ejection fraction (11), cardiac output (12), heart rate (13), ejection time (16),

peak S/E/A-wave velocities (15–17), time-velocity-integral of the E-wave (18) and E/A-velocity ratio (19).

Experiment Model Errorb

1. Systemic sys. pressure (mmHg) 110.60 ± 12.73 107.3 0.259 r
2. Systemic dia. pressure (mmHg) 63.13 ± 8.04 63.9 0.095 r
3. Max. LV pressurea (mmHg) 120.85 ± 8.40 121.8 0.113 r
4. Min. LV pressurea (mmHg) 5.60 ± 2.61 2.26 1.282 r
5. Maximum dP/dta (mmHg/s) 1249 ± 160 1154 0.592 r
6. Minimum dP/dta (mmHg/s) )1221 ± 275 )1030 0.695 r
7. End-diastolic LAPa (mmHg) 11.01 ± 1.16 11.4 0.335 r
8. LV end-diastolic volume (ml) 103.32 ± 22.51 105.8 0.110 r
9. LV end-systolic volume (ml) 33.31 ± 8.87 33.9 0.067 r

10. Stroke volume (ml) 72.38 ± 16.25 71.9 0.087 r
11. Ejection fraction 67.49 ± 5.32 68.0 0.087 r
12. Cardiac output (l/min) 4.68 ± 0.95 4.82 0.145 r
13. Heart rate (1/s) 66.82 ± 10.34 67.00 0.018 r
14. Ejection time (ms) 283.0 ± 29.0 283.0 0.001 r
15. Peak S-wave velocity (m/s) 1.04 ± 0.19 1.12 0.407 r
16. Peak E-wave velocity (m/s) 0.92 ± 0.27 0.92 0.013 r
17. Peak A-wave velocity (m/s) 0.56 ± 0.10 0.56 0.033 r
18. TVI of E-wave (cm) 13.68 ± 4.15 12.69 0.239 r
19. E/A – velocity ratio 1.69 ± 0.48 1.64 0.098 r

a Normalized invasive dog data, used to supplement non-invasive human data.
b Difference of the lumped model output compared to experimental data is expressed as a fraction of the experimental standard deviation for

each measurement.

FIGURE 7. Histogram of relative errors in the validation indices: 0–25%: indices 2,3,8,9,10,11,12,13,14,16,17,18,19. 25–50%:
indices 1,7,15. 50–75%: indices: 5,6. 125–150%: index 4.
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flow velocities in the atria, ventricles, arteries, and
valves) during one heartbeat are presented in Fig. 8.
Briefly, the plots in this figure show that during systole,
the increase of the ventricular pressures leads to ejec-
tion of the blood from the ventricles through the valves
and into the arterial system (S-wave). Upon relaxation
of the heart muscle during early diastole, there is a
decrease in the ventricular pressures and the filling of
the ventricles commences. During this period, flow
across the atrio-ventricular valve is biphasic, with
characteristic peaks occurring at early diastole and
during atrial contraction. The filling associated with
early diastole and atrial contraction are known as the
E-wave and the A-wave, respectively. If our model did
not simulate this biphasic behavior there would be
reason for grave concern. The observation of this
phenomenon, which represents the corner stone for the

analysis of diastolic function, are too numerous to be
cited. However, we would like to point to a recent
review paper, and a computer modeling study of this
phenomenon.7,32 First the E-wave enters the cavity as a
pure consequence of ventricular wall relaxation. Next,
additional priming of the ventricle is achieved due to
atrial contraction, forcing the blood flow into the
ventricle in form of the A-wave. The fiber crossbridge
states and the troponin–calcium complex state of the
left ventricle during the contracting and relaxing
intervals are displayed in Fig. 9. They indicate the
formation of force-generating crossbridges (N1, P1, P2,
P3) as calcium leads to unmasking of the binding sites
through the formation of the troponin–calcium com-
plex (TCA increases) during systole. Note that as N1,
P1, P2, P3 increase, N0 will decrease since the sum of all
probabilities must equal 1 at all times. Additionally,
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while P0 increases during systole, it does not contribute
to the generation of force since no crossbridges are
bound in this state.

DISCUSSION

In addition to performing three different validation
experiments, we will show that the incorporation of the
myofilament crossbridging mechanism has indeed
improved the validity and physiological fidelity of the
present lumped cardiovascular model. Finally, we will
provide some examples of how the present model can
be used as an efficient and effective hypothesis-testing
tool to examine the effect of the different microscale
elements of the myofilament crossbridging mechanism
on the integrated macroscale performance of the car-
diovascular system.

Incorporation of the myofilament activation mech-
anism results in significant improvements in the phys-
iological fidelity and internal consistency of the present
lumped cardiovascular model in comparison to other
existing lumped cardiovascular models such as Tho-
mas et al.32, Heldt et al.8 and Lu et al.14 that rely on
semi-arbitrary phenomenological systolic stiffness
relationships to simulate the ventricular contraction
where a pre-determined time-varying stiffness is im-
posed. While Thomas applied a sinusoidal activation
and exponential relaxation, this approach renders an
extremely large pressure early in systole, causing

complete ejection of the ventricle in 100 ms. Upon
complete ejection, the pressure remains elevated due to
the lack of the proper length dependency. While Heldt
and Lu partially corrected this by a slower linear in-
crease of the stiffness throughout systole,8–10,14 the
lack of the proper dependence of pressure on volume
(sarcomere length) and intracellular calcium levels
remains abscent.

Figure 10a shows the systolic pressure build up in
the left ventricle as predicted by the three cardiovas-
cular models, while Fig. 10b displays a comparison
among the corresponding predicted aortic flows. In
these figures Model-1 refers to the contraction mech-
anism as used by Thomas and Model-2 corresponds to
the contraction mechanism as implemented by Heldt.
Both Model-1 and Model-2 use empirical stiffness
relationship for the ventricles. While it is clearly evi-
dent from Fig. 10 that the Heldt model outperforms
Thomas model as far as the ventricular pressure
behavior is concerned, both models produce quite
unrealistic aortic blood flow profiles with the predicted
peak velocities about a factor 2 higher than observed
experimentally. This abnormal behavior is mainly
caused by the low inertia of the blood flow in the
systemic arteries. One could adjust the parameters in
the Heldt model to increase the blood inertia and thus
render a more realistic aortic flow profile as shown by
Model-3 in Fig. 10b. Unfortunately this parametric
adjustment will also cause a 32% increase in peak
pressure from 107 mmHg (on Model-2) to 141 mmHg
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(on Model-3) as shown in Fig. 10a. When we use our
cardiovascular model that simulates the contractile
behavior of the ventricles based on the actual myofil-
ament activation mechanism, the pressure and blood
flow predictions of our model produce a physiologi-
cally plausible and valid behavior (Fig. 10). Thus we
conclude that the incorporation of the crossbridging
mechanism through a myofilament activation model
into the lumped representation of cardiac function as
done in the present work will account for the proper
dependency of pressure on calcium and fiber stretch
(through volume) thus rendering a more realistic
pressure and flow behavior as illustrated here.

The current model can easily be used to investigate
the impact of several cardiac parameters and/or
mechanisms such as calcium binding, crossbridge
kinetics, elastic muscle properties, heart rate varia-
tions, contractility, etc. For example, in Eq. (9), the
contractility can be varied by changing the level of free

calcium by varying Camax. On the other hand, heart
rate can be changed by varying the parameters hr and
Cadur. While hr changes the heart rate, Cadur alters the
duration of systole. Therefore, this model allows the
independent variation of systolic and diastolic dura-
tion by altering these parameters.

While a detailed discussion of the impact of these
mechanisms on cardiac function is beyond the scope of
this paper, two cases will be presented to demonstrate
the enhanced hypothesis-testing capabilities of the
present myofilament-based lumped model. While pre-
vious models could not directly alter calcium binding
or crossbridge kinetics, the current model has this new
capability. The first parametric case study demon-
strates how the overall cardiovascular performance is
affected by the ventricular calcium levels (Fig. 11) by
altering Camax in Eq. (9). It is clear that the developed
pressure, stroke volume and flow velocities decrease as
peak calcium level drops causing a loss of ventricular
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performance. In a second parametric case study, the
effect of the crossbridging kinetics rate on the overall
cardiovascular performance is examined (Fig. 12) by
increasing the rate constant g as defined in Table 6. A
reduction in the speed of the crossbridge kinetics leads
to a slower pressure rise and slightly reduced peak
pressures. As expected, the slowed crossbridging
function also delays relaxation, thus decreasing the
filling capability of the LV during the E-wave as indi-
cated by the results in Fig. 12.

CONCLUSIONS

In this paper, we have addressed the limitations
confronted by many of the lumped cardiovascular
models in the literature due to the use of empirically
based stiffness relationships for simulating the ventric-

ular contraction. To alleviate this shortcoming we
incorporated a comprehensive myofilament activation
model into our lumped cardiovascular formulation that
can preserve the physiologically dependence of ventric-
ular pressure on fiber sarcomere length and intracellular
calcium concentrations, keymechanisms responsible for
realistic cardiac function. The resulting cardiovascular
model was verified and validated against published
benchmark cardiovascular data. It was also shown,
through specific case studies, that the present lumped
cardiovascular model not only enhances the physiolog-
ical fidelity of the cardiovascular simulations in com-
parison to other existing lumpedmodels in the literature,
but it also produces a quick response numerical model-
ing tool that can be used to examine and test various
hypotheses concerning the impact of the calcium bind-
ing and crossbridging kinetics on the overall perfor-
mance of the cardiovascular system.
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FIGURE 11. Impact of variable peak intracellular calcium level on left ventricular pressure and volume, aortic and mitral flow.
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Several future extensions to the current cardio-
vascular model are needed to further increase its
physiological relevance. First, we intend to develop a
more realistic volume–sarcomere length relationship
based on numerical data generated by a comprehen-
sive 3D finite element structural model of the heart
that includes detailed and anatomically correct heart
fiber architecture. We also plan to develop myofila-
ment activation models for both atria. Currently,
tissue inertia is not yet included in the lumped
models. While this could be justifiable for the vas-
cular system it is less valid for the heart. Finally,
vascular models would benefit from a 1D vessel
description, rather than 0D lumped analysis, to
describe wave propagation effects.18 Therefore, the
effect of cardiac inertia and pressure wave propaga-
tions in the main arteries and veins will be assessed in
future model developments.
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